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Predictive Elastothermodynamic Damping in Finite Element
Models by Using a Perturbation Formulation
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A method is presented by which elastothermodynamic damping can be included in finite element formulations
for design analysis. In this method, elastothermodynamic damping theory is combined with a perturbation method
previously developed for viscoelastic modeling. A key aspect of this approach is that it projects elastothermodynamic
damping onto the undamped mode shapes of the structure. A finite element formulation is developed and presented
for beams in both bending and extension. The finite element formulation creates nonsparse, nonsymmetric damping
and stiffness matrices. Results with this method for various cases are discussed. After validation against the classic
Zener model damping prediction, the method is applied to the analysis of damping in a three-dimensional truss.
The results show that elastothermodynamic damping is higher for modes with a larger portion of their strain
energy due to local member bending rather than extension. Through examples it is shown that to maximize
elastothermodynamic damping in a truss, both the member cross section and the truss mode shapes must be

considered.

Nomenclature

cross-section area of beam

i strain-displacement matrix

specific heat at constant deformation
damping terms in preassembly frequency-based
stiffness matrix; subscripts L = longitudinal,
T =transverse

thickness of a beam

spatial derivative of f

transpose of the vector or matrix f

laplace transform of the function f(¢)

first derivative of f with respect to time
second derivative of f with respect to time
beam area moment of inertia

imaginary number constant

complete stiffness matrix

elastic stiffness matrix

thermal conductivity

beam element length

mass matrix

relaxed elastic modulus

forcing function

component j of time-varying spatial function
Laplace transform variable

temperature at deformed state

time-varying temperature function in direction j
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Ty = temperature of stress-free reference state

ur = strain energy in mode n

Uyt = x-displacement degree of freedom of node 1 in the
two-node beam element

Vijmn = small viscoelastic relaxation tensor

X; = spatial expansion variable

Zn = nth dual vector

o = linear thermal expansion coefficient

AC = damping matrix

AK = supplemental stiffness matrix

AK' = time-varying stiffness matrix

AK* = frequency-based stiffness matrix

AK* = -elemental, frequency-based stiffness matrix

8ij = Kronecker delta

£ = strain in a standard linear solid

&ij = strain tensor

¢ = critical damping fraction

n" = fraction of strain energy due to bending in mode n

0.1 = x rotational degree of freedom of node 1 in the
two-node beam element

K = geometric thermal conductivity constant

A = second Lame constant

% = first Lame constant

v = Poisson ratio

&jmn = relaxation tensor

0 = material density

o = stress in a standard linear solid

ojj = stress tensor

T = characteristic relaxation time

T, = time constant of relaxation of stress under
constant strain

Ty = time constant of relaxation of strain under
constant stress

b, = nth undamped mode shape vector

v = integration variable

Wy = nth undamped natural frequency

@y = nth damped natural frequency

Introduction

ARGE space structure modeling often focuses on obtaining
acceptable fidelity in the stiffness and mass of the structure.
Damping is often overlooked. In large space structures, damping



SILVER, PETERSON, AND ERWIN 2647

can be as important as stiffness in resisting on-orbit disturbances.'
Modeling damping can be an important element of any large space
structure design.

The literature draws a distinction between interface- and material-
related damping.?> Interface damping depends most on the me-
chanics of the interface and the mechanics of the materials at the
interface.’> There are techniques for modeling interface damping;
many of these are empirical and require component tests. In most
space structures, interface damping due to deployable joints can
often be the dominant source of damping.

However, recent design trends in high-precision deployable space
structures have had the inadvertent design effect of all but eliminat-
ing interface dissipation. This is because the nonlinear hysteresis
due to friction at the interface mechanics provides an undesirable
mechanism for instability at optical wavelengths.*> In fact, joints for
deployable optics are being designed to reduce the interface damp-
ing to perhaps 0.1% or critical damping or less.** When the space
structure must also be cryogenic, material damping may become a
significant source of damping.°

The present study is motivated by the need to quantify material
damping for the design of such high-precision spacecraft structures.
Knowledge of the fundamental sources of damping existing in all
solids has been around for more than 50 years.” Of these funda-
mental sources, elastothermodynamic dissipation is the most sig-
nificant in metals, at least an order of magnitude larger than the
other fundamental dissipative mechanisms.? Early work on elas-
tothermodynamic dissipation by Zener’ showed that including the
effects of elastothermodynamic dissipation in the constitutive rela-
tionship parallels that of a standard linear viscoelastic solid in beam
geometries only. Various experiments on this problem have success-
fully verified Zener’s elastothermodynamic dissipative predictions
for beams.®? More recent analytical work in this area includes a
general development of elastothermodynamic dissipation for any
three-dimensional body by Alblas'® and extension of Zener’s work
for axial interfaces within a rod by Kinra and Milligan.!! A first
step toward constructing a general theory for elastothermodynamic
damping in composites was presented by Bishop and Kinra.!>!?
Givoli and Rand' presented the conditions under which elastother-
modynamic damping becomes significant in rods. A numerical anal-
ysis of the general, three-dimensional problem was presented by
Farhat et al.'> by using temperature degrees of freedom in the finite
element method (FEM) to numerically model the strain/temperature
interaction. Around the same time in the finite element literature,
Segalman'S presented a method for determining explicit damping
and differential stiffness matrices from a general viscoelastic con-
stitutive relation to be included in a dynamic finite element analysis.

This present work combines the linear coupled elastothermody-
namic dissipation theory of beams determined by Zener with the ex-
plicit matrix method of Segalman and presents a method for predic-
tive modeling of elastothermodynamic material damping in beams
by using FEMs without the use of temperature degrees of freedom.
This allows predictions of elastothermodynamic damping in finite
element models. The present finite element formulation is the first
of its kind to be found in the literature. The free vibration of a solid
metal beam with a rectangular cross section and a representative
truss structure are used as example cases. The beam FEM results
are compared with the Zener theory predictions, and the truss struc-
ture results are discussed. One interesting result of this study is that
elastothermodynamic theory increases for modes with a larger com-
ponent of strain energy due to bending rather than extension of the
truss members.

In the first section of the paper, background on dissipative mecha-
nisms in materials is presented. The importance of one fundamental
form of dissipation in materials, elastothermodynamic damping, is
discussed. Previous work on elastothermodynamic dissipation is
summarized along with a brief derivation of the coupling effect
between the stress, strain, and temperature relation and the heat
conduction equation that results in elastothermodynamic damping.
Then, the method that Zener used to simplify this coupling for the
analysis of beams and rods is presented. In the second section, im-
plementation of the elastothermodynamic damping of beams in the

FEM by the method proposed by Segalman is presented. First, the
Segalman method is used for assembling the damping matrices of
a 12-degree-of-freedom beam element. Finite element results for
beams of various materials and geometries are compared to Zener’s
theoretical predictions. Finally, the method is applied to a repre-
sentative truss structure and the resulting damping predictions are
discussed.

Dissipative Mechanisms in Materials

Damping sources within solids can be divided into three cate-
gories. The first category is damping resulting from material in-
homogeneity. The second category is material viscoelasticity. The
third category is damping from fundamental sources, meaning that
it occurs even in a theoretical solid with no imperfections.?

In the first category, the term “material inhomogeneity” has a
rather broad meaning, the exact definition of which varies for
each material type. In composite materials, which are inherently
inhomogeneous due to the fiber/matrix composition, fiber/fiber
and fiber/matrix contact interactions both leading to damping.’
In metals, the corresponding inhomogeneity can take the form of
crystal-to-crystal alignment imperfections, foreign atoms within
the crystal, and asymmetry in the shape of the crystal.'® Material
inhomogeneities are difficult to predict and depend highly on the
formation of the material. Therefore, models of damping of inho-
mogeneous origin are most often the result of empirical relations.

The second category of dissipation mechanisms in materials,
viscoelasticity, is caused by the deformation-rate-dependent re-
sponse of the material. Damping of this kind is most pronounced
in polymers and is the most significant source of damping in small-
amplitude vibration in composites.!”

The third category includes damping mechanisms considered fun-
damental in all solid materials. These arise from coupling between
material behavior and thermodynamic principles. Two forms of fun-
damental damping exist in every solid: dissipation due to the cou-
pling between heat transfer and strain rate (elastothermodynamic
dissipation) and dissipation due to interactions between sound waves
and thermal oscillation. A third exists only in materials with free
electrons: dissipation due to interactions between electron oscilla-
tion and temperature oscillation. The elastothermodynamic dissipa-
tion is the focus of the present study.

Elastothermodynamic Dissipation

Elastothermodynamic damping is the fundamental dissipative
mechanism most prominent in the elastic vibration of metals.? The
term “elastothermodynamic damping” represents the loss in energy
from an entropy increase caused by the coupling of heat transfer and
the strain rate. After the initial coupling equations were published
by Nowacki,'® Zener was the first to relate this coupling to an energy
loss in vibration (see Ref. 10). A thorough examination of dissipa-
tion in metals was presented by Zener’ in 1948. In this monograph,
the relations for elastothermodynamic dissipation are derived from
basic energy conservation in a material along with irreversible ther-
modynamic theory. Zener also shows that, with certain assumptions
about the geometry, the elastothermodynamic dissipation can be re-
lated to an equivalent viscoelastic material. These assumptions were
used to relate elastothermodynamic dissipation to the constitutive
relation that Zener called a “standard linear solid.” The relation, as
given by Zener, is

o+1,06 = Mp(e+1,8) (D)

The relaxed elastic modulus refers to the modulus My of a material
after either of the aforementioned relaxations has taken place.

To relate elastothermodynamic dissipation to the standard linear
solid equation, begin with the linear, coupled, elastothermodynamic
relations. First is the linear elastothermodynamic stress/strain rela-
tion for an isotropic material, also known as the Duhamel-Neuman
form of Hooke’s law. In indicial notation, this equation is

0jj = 8,'/')\,8;(/( + 2/.1,8,'_/' — 6,’_/' (3)\. + ZM)Q(T — T()) (2)
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The second equation required to define the linear, coupled, elas-
tothermodynamic theory is the energy equation, given by

KT = peeT + Gh +210) Tobu 3)

In Eq. (3) it has been assumed that the temperature differential is
small enough that the varying temperature 7', normally multiplied
by the strain rate in this equation, can be replaced by the constant
Ty. The most significant assumption made to relate these two equa-
tions to a standard linear solid is to eliminate spatial coordinates in
the energy equation. Zener does this by expanding the temperature
field in terms of time and spatially varying components. Here, the
temperature is expanded by the equation

TG0 =Y TS0 “)
J

These functions must satisfy a characteristic equation along with
appropriate boundary conditions. The characteristic equation and
boundary conditions for temperature are
(k/cep)(Siw) + Si/t =0, Si=0 at X; = =+d/2
&)
In this case, the geometric boundary condition d is the thickness
of a beam. The solutions to this equation show that the temper-
ature varies periodically through the thickness of the beam. This
assumption also implies that the temperature varies in only one di-
rection; in this case it varies along the thickness. This changes the
relation of stress and temperature from a three-dimensional tem-
perature change, 3\ + 2, to that of a single dimension, 24 (1 — v).
Use of Eq. (5) requires that the thermal conductivity £ in Eq. (3)
be replaced by a constant, «, related to the geometric boundary
conditions, resulting in

kT = pcpT + 201 — V)] Toéw (6)

Here the geometry-related constant for a beam of thickness d in
transverse bending is

k = kn?/d? (7

In the constitutive relation of Eq. (2), there is no thermal coupling
for the case i # j. That is, elastothermodynamic dissipation occurs
only in deformations causing volumetric change.

Solving for the temperature in Eq. (2), substituting in Eq. (6) for
T and the first derivative of T', and then solving for stress gives the
energy equation in stress, strain, and their first derivatives:

0ij = A&y + 2ugi; + ((pCE/K)dij — Qupce/K)éi; —

x {peer /i +[e2u(l = v)PTy/x}) (8)

The first two terms on the right-hand side of Eq. (8) make up the
isotropic linear elastic relation. The third bracketed term contains
the damping effect, similar to a viscosity, from elastothermodynamic
dissipative sources. This damping term will be used in conjunction
with a method presented by Segalman!® to define the damping and
dissipative stiffness in the FEM. Before presenting this method, cur-
rent methods of incorporating damping in many commercial finite
element packages will be discussed.

Implimentation of Damping in the FEM

Overview of Current Commercially Available Techniques

The most common techniques used for implementing damping
in commercial finite element codes require a priori knowledge of
damping as an intrinsic property.?’ Rayleigh damping defines the
damping matrix as a linear combination of the stiffness and mass ma-
trix. Modal damping uses a value for each material that is a fraction
of critical damping associated to that material. This critical damping
fraction is converted into an average for each mode weighted by the

mass matrix. The structural damping method determines damping
forces that are opposed to the velocity vectors within the structure
from the forces caused by stressing the structure. This kind of damp-
ing is applicable only when the displacement and velocity are out
of phase by 90 deg. Critical damping factors can be used to define
damping in each eigenmode as a fraction of the critical damping
for that mode. All of the previous methods require some empirical
evidence of the damping to be implemented correctly.

Some methods for applying damping do not require a priori
knowledge of the actual structural damping. In some analyses dash-
pot elements can be used to define discrete damping.?’ However,
these dashpot elements work only in defined directions, and using
them in two- or three-dimensional models can be overly compli-
cated. Another method involves bulk viscosity, or damping associ-
ated with volumetric straining. The bulk viscosity method creates a
pressure that is linear or quadratic in the volumetric strain rate. It is
also called truncation frequency damping.?° This form of damping is
generally used only to damp the numerical problems stemming from
the highest element frequencies or to eliminate numerical problems
during high-speed dynamics.

Viscoelastic materials can be used in most commercial finite el-
ement codes. Viscoelastic material definitions are normally taken
from creep or relaxation test data for a material. Although this tech-
nique does not require a priori knowledge of the dynamic response
of the structure, its use in dynamic modeling is constrained to steady-
state dynamics.?'

Differential Stiffness and Damping Matrices
for Viscoelastic Structures

The damping method presented by Segalman'® uses a linear vis-
coelastic material relation to define damping and additive stiffness
matrices in the FEM. These additional matrices are defined in the
following general second-order equation of motion:

Mi + ACx +[K¢+ AK'(H)]x = Q(1) (&)

Here, the total viscoelastic stiffness matrix is broken up into a con-
stant elastic part, K ¢, and a small time-varying part. In this method,
the two terms that are defined to include the damping effect are
the time-varying small viscoelastic stiffness matrix, AK’, and the
damping matrix, AC. First, the only time-varying component, AK ',
is converted to the frequency domain by a Fourier transform, namely,

AK*(w,) = / iw, AK' (Y)e "V dvr (10)
0

In the finite element equations, the differential stiffness matrix is
created by the relation

AK = Re[z AK*(w,,)qbn(zn)T} (11)
where the dual vector z,, is defined as
Ko
= ——— (12)
(@)K,

Because the AK is assembled with the vector multiplication of the
undamped mode shape vector and the dual vector, the resulting ma-
trix is nonsymmetric and nonsparse. This can lead to computational
feasibility problems when this matrix is stored for even moderately
sized models.

The damping matrix is created in the same fashion, except that it
uses the imaginary part of the frequency domain small viscoelastic
component:

AC = Zlm[%AK*(wn)tﬁn(zn)T] (13)

As with the A K matrix, here the resulting AC matrix is nonsym-
metric and nonsparse, leading to computational feasibility problems.
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By using these relations for the damping and differential stiffness
matrix, the linear coupled elastothermodynamic theory can now be
applied. The elastothermodynamic finite element equation of mo-
tion becomes

Mi 4+ ACx + (K* + AK)x = Q(r) (14)

Application to Linear Elastothermodynamic Model

Elastothermodynamic Relation

From the energy equation in terms of stress and strain given in
Eq. (8), atime-varying solution can be found. The Laplace transform
of Eq. (8), assuming a zero stress/strain initial state, gives

G (8) = Ak (s) +218i5(s) + ((PC‘ES/K)[3i_/(S) — 218 (s)
— & ()] — B () {sTola2pu (1 — v)I /i }) (15)
Then define
6ij(s) = H(s) + 218 (s) — & (s) (16)
Substitute Eq. (16) into Eq. (15) and solve for H (s), yielding

1 )To[aZM(l -

17)
s —K/pcE PCE

H(s) = Sékk(s)(

Placing Eq. (17) into Eq. (16) and taking the inverse Laplace trans-
form yields

'

Tole2u(1 — v)1?

Ui_/=A8kk+2ll€ij+/ {w
0 E

X eI (1 — w}dw (18)

Here, as in Eq. (8), the first two terms of the right-hand side
make up the isotropic linear elastic relation. The third term is the

AK* =L?
~ L2AD; 0 0 0 0 0
0 121.Dy, 0 0 0 6L1.Dr,
0 0 121,Dr. 0 —6LI,Dy 0
0 0 0 0 0 0
0 0 —6LI,Dy. 0 4L*1,Dy. 0
0 6L1.Dr, 0 0 0 AL*I.Dr,
* | —L2AD, 0 0 0 0 0
0 —121.Dy, 0 0 0 —6L1.Dr,
0 0 —121,Dy. O 6LI,Dy. 0
0 0 0 0 0 0
0 0 —6L1,Dy. 0 2L%I,Dr. 0
0 6L1.Dr, 0 0 0 2021.Dr,

elastothermodynamic component resulting from the thermal cou-
pling, which, as was presented previously, can be represented by a
viscoelastic material model in the case of beams. However, unlike
the viscoelastic material case, in this equation the third, temperature-
dependent, term is represented by a convolution integral.

Implementation in Segalman Method

As presented previously, the damping method presented by Segal-
man is a discretization technique for linearly viscoelastic structures.
For the small viscoelasticity case, the finite element stiffness matrix
is assembled in the following equation, where the elastic part of the
stiffness equation is separated from the small viscoelastic part as in
Eq. (9):

K@) =K* -I—/ Vijmn (W, X) B[, (X) B,y (X)dX  (19)

Q

Here, the strain-displacement matrix B;; relates the generalized dis-
placements to the strain at particle X, in body €2.

Remark: The small viscoelastic relaxation tensor from Eq. (19)
is similar to the general definition of the stress response of a linear

viscoelastic structure, stated in Eq. (20) for reference!:

0ij(t, X) = / &ijmn (U, X)Epn[(t — ¥), X1d Y (20)
0

For the case of elastothermodynamic dissipation in beams, the
equivalent small relaxation tensor is written as

Vijmn = TO[C{Zﬂ(l _—V)]z e(K/p('E)T (21)
PCE

The equation for the frequency domain component of the stiffness

matrix [Eq. (8) from the description of the Segalman method] be-

comes Eq. (22). From here, assembly of the damping and differential

stiffness matrix is straightforward.

The FEM analyses used a 12-degree-of-freedom beam imple-
mented in a MATLAB®-based research finite element code. Both
the transverse and extensional damping characteristics are included
in the formulation. Beams of various fundamental frequencies were
modeled in the FEM. The results were compared to the corre-
sponding analytical theory Zener named “the vibration of reeds.”
The symmetric, elemental AK* matrix for a 12-degree-of-freedom,
Bernoulli-Euler beam is

~ P
AK* (@) :/ /[Bi_/(X)]T{iwnw
0 Q

PCE
x e(k/peE —ieny }Bm (X)dXdy (22)

which, written in matrix form, becomes

—L?AD; 0 0 0 0 0 ]
0 —12I.Dy, 0 0 0 6LI.Dy,
0 0 —121,Dy. 0 —6LI,Dr. 0
0 0 0 0 0 0
0 0 6LI,Dr, 0 2L*I,Dr, 0
0 —6L1.Dr, 0 0 0 2L%1,Dr,
L2AD, 0 0 0 0 0
0 121.Dry 0 0 0 —6L1.Dry
0 0 12I,Dr. 0 6LI Dy, 0
0 0 0 0 0 0
0 0 6LI,Dr, 0 4L%I,Dr, 0
0 —6LI. Dy, 0 0 0 411, Dr,
(23)
where the damping terms are
LTyw,E*o? Tow, E?a?
DL = o - DTV = - <
(ceL*Epw, — ik) T iy cppwn)
Tow, E*a? 24)

L= (iKz + CE/OU-’n)
The degrees of freedom are ordered as

[y wyr w6 Oy 01 U Uy Un O Oy 02]
(25)
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InEq. (23), the x direction is along the length of the beam. Therefore,
I, and I, are the second moments of inertia of the beam cross section
in the y and z directions, respectively. In Eq. (24), «, and «. refer
to the geometry-dependent thermal conductivity terms, defined for
transverse deflection of a beam in Eq. (7), in the y and z directions,
respectively.

Finite Element Verification: Elastothermodynamic
Dissipation in an Aluminum Beam

According to the Zener theory for the free vibration of a beam, vi-
bration closest to the frequency of maximum elastothermodynamic
dissipation, also known as the elastothermodynamic relaxation fre-
quency, should show the most dissipation from elastothermody-
namic coupling. Tests have been completed to verify Zener’s pre-
dictions for the damping of beams (see Refs. 8 and 9). The tests were
completed in such a way as to minimize other sources of damping.
Different test specimens were designed to have first natural frequen-
cies ranging above and below the elastothermodynamic relaxation
frequency.

In the FEM, the critical damping fraction values ¢ were taken
from the state-space model built from the mass, damping, and stiff-
ness matrices. These were compared to the values calculated by
using Zener’s method. A plot of the log of the ratio of the vibra-
tion frequency to Zener’s predicted elastothermodynamic relaxation
frequency vs the log of ¢ is shown in Fig. 1. Besides showing the
accuracy of the finite element implementation, Fig. 1 also shows a
key result from the Zener theory; namely, that matching the first nat-
ural frequency of a free beam with the elastothermodynamic relax-
ation frequency creates the maximum amount of damping. Here note
that when the first natural frequency was lower than the elastother-
modynamic relaxation frequency [i.e., log(w, - T) < 0], vibration at
higher mode numbers closer to the elastothermodynamic relaxation
frequency contained more critical damping than the first mode.

Each beam model consisted of 25 Bernoulli—Euler beam elements
and used the same cross-section geometry, whereas the length was
varied in each analysis to change the first natural frequency. Each
beam element contained six degrees of freedom per node, making a
total of 156 degrees of freedom per model. The modeling technique
converged to within 1% variation in ¢ with only three elements in the
beam. With six or more elements per beam, the numerical variation
in ¢ has converged to less than 0.6%.

Finite Element Investigation: Elastothermodynamic
Dissipation in an Aluminum Truss

A more complex model of a truss was built to test the code and gain
more insight into the implications of the analysis method for design.
An eight-bay truss with a square cross section was meshed by using
500 aluminum beam elements. Each longeron, batten, and diagonal
is meshed with five elements. One end of the truss is supported
rigidly, and the opposite end has four lumped mass elements. In
each model considered, the cross sections of each longeron, batten,
and diagonal were all square with identical widths. A diagram of
the model is shown in Fig. 2.

One of the questions to be considered with this model was how
elastothermodynamic damping could be enhanced by design. A key
part of this question concerns the role of local truss member bending

-2.8
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Log(t)

-3.6|-

38| [[+ FEResuts |
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-4.0 ; ; ; i ; ;

-1.2 -09 -0.6 -0.3 0 0.3 0.6 0.9 1.2
Log(o4T)

Fig. 1 Critical damping fraction vs ratio of w; to Zener frequency for
a free vibrating aluminum beam.

Table 1 Truss model parameters

Tip mass, Square beam Peak member damping
Model kg dimension, mm frequency, Hz
A 80 5 3.07
B 8 5 3.07
C 160 5 3.07
D 80 1 76.7
E 80 1.6 29.9
F 80 10 0.767
Rigidly
Constrained
Lumped 4Endn
Masses, Z AN
/7 n = \
/] 1\ 7
/ S \
T 1 1 \( \
1 \
I
03m |, \
! 24m

Fig. 2 Truss finite element model.

in determining a particular mode’s damping ratio. One would expect
from the preceding theoretical development that elastothermody-
namic damping in beam extensional vibration should be much lower
than in transverse vibration. This is because the thermodynamic
transport distance is the beam thickness for transverse vibration,
but it is the truss member length for longitudinal vibration. Thus,
unless the beam truss members have very small length-to-radius-
of-gyration ratios, elastothermodynamic damping would be higher
in transverse vibration of the truss elements. Additionally, as was
seen in the investigation of the free vibration of a beam, matching
the vibration frequency with the peak elastothermodynamic damp-
ing frequency (the so-called Zener frequency) also increased the
amount of damping. Therefore, the key for maximizing the elas-
tothermodynamic damping seem to be synchronizing the member
and damping frequencies and optimizing the mode shape to include
transverse member vibration.

For each model, an energy analysis was used to quantify the
amount of “local bending” in a particular mode shape. Because all
of the elements of this model are beams, the amount of strain energy
in bending, torsion, and extension can be separated out explicitly.
In this case, the global stiffness matrix can be written as

K =EI(Ky,)+GJ(KE,) +EA(K,) (26)

where each of the K ¢ terms correspond to the stiffness due to bend-
ing, torsion, and extension. The total strain energy in a given mode
shape is then given by

U'" = ¢! K¢,
= ¢ EI(Kg)) bu+ 0L GT (KE,) bu+ 0L EA (K5 L) 0
=U}, +UL, +Up, 27

inwhich U, are the modal strain energy due to bending, torsion, and
extension. The fraction of strain energy in a mode due to bending

of the truss members is then given by
n'=Up JU" (28)

As an initial investigation into designing a truss to maximize
elastothermodynamic damping, a truss configuration was chosen
such that the Zener frequency of the members is close to the first
few natural frequencies of vibration of the truss. This specific design
is labeled as model A in Table 1. The computed modal frequencies
and damping ratios for this model are listed in Table 2.
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Table 2 Frequency, damping, and bending energy results for trusses with varying tip mass

Model Tip mass, kg Section, mm Mode number Frequency, Hz ¢ Bending energy, %
A 80 5 1 3.16 6.10e-7 6.17¢-2
2 3.23 5.20e-7 5.26e-2
3 4.19 6.21e—4 65.9
4 12.8 3.74e-17 8.37e-2
5 30.7 3.00e-7 0.154
6 53.0 7.48e-7 0.655
7 55.2 9.12¢-7 0.834
8 56.9 7.52¢—6 7.08
9 93.4 5.84e-5 90.1
10 94.8 5.83e-5 91.2
11 97.6 5.74e-5 92.6
12 99.1 5.88e-5 96.2
13 99.4 5.85¢-5 96.0
14 101 5.75e-5 96.3
B 8 5 1 9.67 4.31e-7 7.58e-2
2 9.89 3.81e-7 6.81e-2
3 12.9 2.94e—4 66.4
4 39.3 3.11e-7 0.203
5 90.9 6.42¢—6 9.65
6 93.4 5.84e-5 90.1
7 94.8 5.83e-5 91.3
8 97.6 5.74e-5 92.6
9 98.6 2.94¢-5 48.4
10 99.1 5.86e-5 95.8
11 99.3 5.77e-5 94.8
12 101 4.59¢-5 76.8
13 102 5.42¢-5 94.1
14 102 5.59¢-5 90.8
C 120 5 1 2.24 5.80e-7 6.16e-2
2 2.29 4.98e-7 5.25¢-2
3 2.96 6.51e—4 65.8
4 9.10 4.95¢-7 8.28¢-2
5 21.8 3.71e-7 0.136
6 38.2 2.80e-7 0.178
7 40.0 3.25¢-7 0.216
8 41.4 8.89¢-6 6.11
9 86.9 3.79¢-17 0.545
10 86.9 4.12¢-7 0.592
11 87.0 1.70e-7 0.244
12 87.5 1.81e-7 0.266
13 93.4 5.83e-5 90.1
14 94.8 5.82¢-5 91.2
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Fig. 3 Deformed baseline model; w3 =4.19 Hz, (3= 6.21e—4. 100 L Vv g E ]
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One might expect that this model would exhibit higher damping 0 . ‘ ‘ ‘
in the modes with frequency close to the Zener frequency. However, 10 10° 102 10" 10° 10" 10%

the larger damping values tended to correspond to mode shapes that
contain a relatively large amount of member bending. In Table 2,
the mode numbers for model A with the larger damping ratios are
3, 8, and 9-14. Modes 3 and 8 are dominated by shearing of the
truss cross section. The bending of the members in mode 3 can be
seen in the mode shape plot of Fig. 3. Likewise, modes 9—14 are all
local deformation modes involving significant bending of the truss
members.

As a further investigation into the correlation between member
bending and elastothermodynamic damping, a total of six different
combinations of cross-section widths and tip masses were modeled.
The parameters for each model are listed in Table 1.

0
Percent of Strain Energy from Bending

Fig. 4 Critical damping fraction vs percent bending energy for all
models.

The percent of strain energy due to bending in the first 14 modes of
each model resulting from the energy analysis are listed in Tables 2
and 3. Additionally, the critical damping fraction vs percent bending
strain energy is plotted in Fig. 4. Here it is clearly shown that modes
involving a relatively high percentage of strain energy from bending
exhibit the largest amount of elastothermodynamic damping.

Returning to the design space mentioned at the beginning of
this section, a model was created with truss member cross sections
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Table 3 Frequency, damping, and bending energy results for trusses with varying cross-section geometry

Model Tip mass, kg Section, mm Mode number Frequency, Hz ¢ Bending energy, %
D 80 1 1 0.48 1.10e-6 8.82
2 0.63 4.04e-10 2.48e-3
3 0.65 3.55¢-10 2.11e-3
4 2.58 2.23e-9 3.36e-3
5 6.16 1.01e-8 6.36¢-3
6 11.0 7.00e-8 2.52¢-2
7 11.5 1.02¢e-7 3.52¢-2
8 11.7 8.15¢-7 2.77e-1
9 18.7 4.10e—4 90.2
10 18.9 421e4 91.3
11 19.5 4.38¢—4 92.7
12 19.8 4.62¢—4 96.3
13 19.9 4.62¢—4 96.1
14 20.3 4.73¢e-4 96.7
E 80 1.6 1 0.82 1.07¢e-5 19.7
2 1.01 4.24¢-9 6.34¢-3
3 1.04 3.70e-9 5.41e-3
4 4.12 2.30e-8 8.59¢-3
5 9.86 9.55¢-8 1.63e-2
6 17.5 5.59¢e-7 6.48e-2
7 18.4 7.93e-7 8.99¢-2
8 18.6 6.31e-6 0.711
9 29.9 8.91e—4 90.2
10 30.3 9.02¢e—4 91.3
11 31.2 9.15¢-4 92.7
12 31.7 9.50e—4 96.3
13 31.8 9.48¢—4 96.1
14 325 9.52¢-4 96.7
F 80 10 1 6.26 5.84e-7 0.245
2 6.39 4.87e-7 0.208
3 13.9 8.44¢e-5 71.5
4 25.4 1.99¢-7 0.334
5 60.5 1.42¢-7 0.566¢
6 92.7 3.67e-7 2.25
7 95.9 3.76e-7 2.38
8 107 3.79¢-6 26.8
9 171 1.63e—6 18.3
10 187 7.31e-6 89.9
11 188 2.45e-6 30.3
12 189 7.29¢-6 91.1
13 195 7.19¢-6 92.5
14 196 1.53¢-6 19.7

designed to have a Zener frequency equal to that of the local modal
frequencies of the truss. This configuration should maximize the
amount of damping from the two design variables. This model is
labeled as model E in Table 1. This model did indeed generate
the largest amount of elastothermodynamic damping of all of the
models considered. For the higher frequency local modes, it had an
average of 14 times more damping than the model with the next
highest damping magnitudes for modes 9—14. This result shows
that both mode shape and member Zener frequency should be con-
sidered in designing a structure for optimum elastothermodynamic
damping. The methods presented in this paper allow a designer to
combine these two previously separate analyses into a single coupled
model.

Conclusions

This paper presented a method that allows the assembly of damp-
ing and additive stiffness matrices for elastothermodynamic damp-
ing in beam finite elements, as would be used for large space truss
structures. A technique proposed by Zener’ is used to relate elas-
tothermodynamic damping in beams to a viscoelastic constitutive
relation. The result from Zener’s technique is then used in the method
of Segalman'® for general viscoelastic constitutive relations to build
the finite element matrices for the case of elastothermodynamic
damping in beams. The results show that the damping found in the
FEM accurately matches Zener’s damping prediction for beams.
Various configurations of a hypothetical full-scale truss were mod-
eled to show the significance of global damping predictions from

this method. Results from the truss analyses show that a critical
source of elastothermodynamic damping in the truss comes from
local member bending. A truss configuration was presented that
maximized the amount of damping both from matching the mem-
ber natural frequencies to the Zener frequency and from matching
the member natural frequencies to that of the higher frequency local
modes of the truss. This example demonstrates the unique ability
of the code to allow a designer to combine the two coupled effects
into a single model. Future work should consider imposing a spar-
sity constraint on the assembled damping matrices to enable the
formulation of large-scale models.
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